Abstract. The Spiral Model (SM) corresponds to a new class of kinetically constrained models introduced in joint works with D.S. Fisher [8, 9] . They provide the first example of finite dimensional models with an ideal glass-jamming transition. This is due to an underlying jamming percolation transition which has unconventional features: it is discontinuous (i.e. the percolating cluster is compact at the transition) and the typical size of the clusters diverges faster than any power law, leading to a Vogel-Fulcher-like divergence of the relaxation time. Here we present a detailed physical analysis of SM, see [5] for rigorous proofs.
Introduction
Theoretical progress in understanding the glass and jamming transition, and more generally glassy dynamics, is hampered by the shortage of finite dimensional models that display the basic phenomenological ingredients and that are simple enough to be fully analyzed. Kinetically Constrained Models (KCM) [1] are an exception. They have been introduced few decades ago [2, 3] as models for glass-forming liquids. They are based on the assumption that a particle does not (or cannot) move if surrounded by too many others. This can be also interpreted in terms of dynamic facilitation [4] . All KCM share two basics properties: particles (or spins) can move (or flip) only if a certain constraint on the number of occupied neighbors is verified. Once the constraint is verified the dynamical rules are such that the resulting Boltzmann distribution is trivial, i.e. uncorrelated from site to site. As a consequence the glass transition, if any, is purely dynamical in these models. Furthermore, another advantage is that the study of the dynamical transition can be reduced to a highly correlated percolation problem (of a new kind). In fact, in these models a particle (or a spin) can be blocked if it has too many occupied (up) neighbors which can be blocked by their neighbors and so on and so forth. Using the fact that the Boltzmann equilibrium distribution is trivial one can prove [6, 7] that the only dynamical transition that can take place in these systems corresponds to a jamming percolation where an infinite cluster of mutually blocked particles (spins) appears. In [8, 9] we introduced a new class of KCM which displays such a transition on a finite dimensional lattice, we will thus refer to these models as Jamming Percolation (JP) models. Here we will review the easiest example of a JP model, namely the twodimensional spin model which has been introduced in [5, 9] and dubbed Spiral Model (SM). For SM the existence of a jamming transition has been rigorously proved [5] and the exact value of p c has been identified: p c coincides with the critical threshold of directed site percolation (DP) in two dimensions, p DP c ≃ 0.705. Contrary to recent claims [10] our proof for SM does not need any modification (we will pinpoint in section 4.1 the incorrect assumption of [10] ).
This jamming transition has remarkable properties: the density of the frozen cluster, Φ(p), is discontinuous at the transition but the cross-over length over which the system is still ergodic (or liquid) diverges. Furthermore the time scale for relaxation (and also the cross-over length) diverges faster than any power law. These properties are quite unusual but are exactly what is often assumed the real glass or jamming transition should display (if they exist). They have been also rigorously proved in [5] modulo the standard conjecture on the existence of two different correlation lengths for DP [11] .
In the following we will sketch in a physical and hopefully transparent way the arguments which lead to the above results providing the tools needed to analyze this transition and explaining the underlying mechanism: it is the consequence of two perpendicular directed percolation processes which together can form a compact network of frozen directed paths at criticality. In the final section we shall discuss the generality of our approach and the universality of the jamming percolation transition of SM.
The spiral model and its related percolation problem
Consider a square lattice and, for each site x, define among its first and second neighbours the couples of its NorthEast (NE), South-West (SW), North-West (NW) and SouthEast(SE) neighbours as in Fig.1 , namely NE= (x + e 1 , x + e 1 +e 2 ), SW= (x−e 2 , x−e 1 −e 2 ), NW= (x−e 1 , x−e 1 +e 2 ) and SE= (x+e 1 , x+e 1 −e 2 ), where e 1 and e 2 are the coordinate unit vectors. The spiral model is a stochastic spin lattice model where a spin can flip if and only if the following constraint is verified: both its NE and/or both its SW neighbours are down and both its SE and/or both its NW neighbours are down too (see Fig.1 ). If the constraint is verified then the spin flip rate is p from down to up and 1 − p from up to down. As a consequence, the invariant probability measure reached for p < p c is the Bernoulli product measure, i.e. independent from site to site. It is such that a spin is up with probability p and down with probability 1 − p. As explained in the introduction the dy- In order to establish p c < 1 we will identify a set of blocked clusters and show that they exist with probability one (with respect to the Bernoulli measure) for p > p Fig.2 a) ). We denote by NE-SW clusters the occupied sets which follow the arrows of such lattice and NW-SW clusters those that follow instead the arrows drawn starting from each site towards its NW neighbours.
Consider now a site in the interior of a spanning NE-SW cluster, e.g.site x in the Fig.2 a) : by definition there is at least one occupied site in both its NE and SW neighbouring couples, therefore x is occupied and blocked with respect to the updating rule of SM. Thus, the presence of the DP cluster implies a blocked cluster and p c ≤ p
follows. Note that these results would remain true also for a different updating rule with the milder requirement that only at least one among the two couples of NE and SW sites is completely empty (and no requirement on the NW-SE direction). However, as we shall see, the coexistence of the constraint in the NE-SW and NW-SE directions is crucial to find a discontinuous transition for SM, otherwise we would have a standard DP-like continuous transition.
Absence of blocked clusters for p < p DP c
Before showing that below p DP c blocked clusters do not occur, a few remarks are in order. If instead of SM we were considering the milder rules described at the end of previous section, the result would follow immediately since the presence of a blocked cluster would imply the existence of a DP one. On the other hand for SM rules, since blocking can occur along either the NE-SW or the NW-SE direction (or both), a directed path implies a blocked cluster but the converse is not true. This is because a NE-SW non spanning cluster can be blocked if both its ends are blocked by Consider the region Q ℓ inside the continuous line in Fig.3 a) , namely a "square" of linear side √ 2ℓ tilted of 45 degrees with respect to the coordinate axis and with each of the four vertexes composed by two sites. If Q ℓ is empty and the four sites external and adjacent to each vertex denoted by * in Fig.3 a) are also empty, then it is possible to enlarge the empty region Q ℓ to Q ℓ+1 . Indeed, as can be directly checked, all the sites external to the top right side can be subsequently emptied starting from the top one and going downwards. For the sites external to the other three sides of Q ℓ we can proceed analogously, some care is only required in deciding whether to start from top sites and go downwards or bottom ones and go upwards.
Therefore we can expand Q ℓ of one step provided all the four * sites are empty or can be emptied after some iterations of the cellular automaton. Let us focus on one of these * sites, e.g. the left one, x L in Fig.3 a) . As it can be proved by an iterative procedure (see [5] ), in order for x L not to be emptyable there should exist a NE-SW cluster which spans the square S ℓ of size ℓ containing the top left part of Q ℓ (region inside the dashed line in Fig.3 a) ). This is due to the fact that any directed path in the NW-SE direction can be unblocked starting from the empty part of S ℓ below the diagonal in the e 1 + e 2 direction. Therefore the only way in which x L can be blocked is that it belongs to a NE-SW cluster that is either supported by NW-SE clusters running outside S ℓ or that is infinite. In any case this NE-SW cluster has to be at least of length ℓ. As a consequence, for large ℓ, (ℓ >> ξ ) the cost for a one step expansion of Q ℓ is proportional to the probability of not finding such a DP path for any of the four * sites, 1−4 exp(−cℓ/ξ ). Thanks to the positive correlation among events at different ℓ's, the probability that the emptying procedure can be continued up to infinity is bounded from below by the product of these single step probabilities which goes to a strictly positive value for p < p DP c since ξ < ∞. Note that, as we already knew from the results of section 3.1, this is not true for p > p DP c : the pres-ence of long DP paths prevents the expansion of voids. As a conclusion, the probability of emptying the whole lattice starting from an empty square Q ℓ centered around a given point in the lattice and with ℓ >> ξ is finite (although very small). Since there is an infinite number of points in the lattice, there will be at least one (actually a finite fraction) of sites from which the whole lattice can be emptied 1 for p < p 
Critical behavior 4.1 T-junctions
One of the most important characteristic of the SM model, already alluded to in the previous sections, is that a directed path in the NE-SW direction can be supported by another path running in the NW-SE direction (and viceversa) via a T-junction. Let us discuss this point in detail since recently it has been incorrectly claimed that this is not true for the SM model. There are only two possible types of crossing of a NE-SW path with a NW-SE one: either they have one point in common or not. In the latter case they should cross as in the upper crossing of Fig.2 b) . In both cases we call the crossing a T-junction and the key observation is that if a NE-SW path ends in two T-junctions with NW-SE paths (or viceversa), it does not need to continue beyond the crossings in order to be 1 Mathematically, one would say that the ergodic theorem implies that in the thermodynamic limit with probability one the final configuration is completely empty.
blocked, as long as the NW-SE paths are blocked. If the T-junction occurs with a site in common (site inside the square of Fig.3 b) this is a trivial consequence of the fact that this point belongs to the NW-SE path. In the other case it can be easily checked that the last point belonging to the NE-SW path (site inside the circle of Fig.2 b) is blocked thanks to the one above it, which belongs to the NW-SE path. All other possible crossings are related to these two cases by symmetry. In [10] it is stated that in order for a NE-SW path to stabilize a NW-SE path (or the converse) they shouldn't only cross but also have a point in common and since this may not happen our proof for the SM needs a modification. As explained above this conclusion is incorrect and our proof for the SM model does not need any modification (see also [5] for further details).
SM: Discontinuity of the transition
In the previous sections we have shown that the percolation transition due to the occurrence of a frozen backbone for the Spiral Model occurs at p DP c . We will now explain why the density of the frozen cluster is discontinuous, Φ(p and intersecting as in Fig.4 a) . A configuration belongs to B if each of these rectangles with long side along the
NE-SW (NW-SE) diagonal contains a NE-SW (NW-SE)
percolating path (dotted lines in Fig.4 b) ). If this is the case then the infinite backbone of particles containing the origin (cluster inside the continuous line in Fig.4 c) ) survives thanks to the T-junctions among paths in intersect- Therefore the infinite cluster of jamming percolation is "compact" with dimension d = 2 at the transition.
Crossover length
Let us now focus on the divergence of the incipient blocked cluster approaching the transition. This can be studied We first obtain a lower bound on L c constructing explicitly blocked structures that exist with finite probability as long as L < L lb c . Consider NE-SW and NW-SE paths of length s intersecting as in Fig.3 b) . This type of structure can be emptied completely only starting from its border since each finite directed path terminates on both ends into T-junctions with a path in the transverse direction.
Therefore it is frozen if we continue the construction up to the border of the lattice and we take periodic boundary conditions. Thus the probability that there exists a frozen cluster, 1 − R(L, p), is bounded from below by the probability that each of the O(L/s) 2 dotted rectangles in it is guaranteed to be emptyable up to size ξ , we can bound the probability that a lattice of linear size L is emptyable as R(L, p) ≥ L 2 δ, where δ is the probability that a small empty nucleus can be expanded until size ξ . In the emptying procedure described in Section 3.1 we evaluated the cost for expanding of one step the empty region Q ℓ . Analogously, the cost of expanding directly from Q ℓ to Q 2ℓ can be bounded from below by C to size ξ we get δ ≥
with C ′ > 0 . This, together with above inequality, yields
As a consequence upper and lower bound leads to the same scaling at leading order and imply that the crossover length diverges with an essential singularity, i.e. faster than any power law for p ր p DP c .
Discussion
Let us first discuss the dynamical behavior of the SM model. The results of the previous sections have important consequence on the dynamics of SM. First, incipient blocked clusters can be unblocked only from the boundary.
As a consequence the relaxation timescale is expected to scale at least as (but likely larger than) their typical size:
. Indeed this can be proved rigorously [7] . Furthermore, since the fraction of blocked sites is finite at the transition, two point dynamical correlation
functions, e.g. spin-spin correlations, will show a plateau like super-cooled liquids approaching the glass transition.
The plateau, also called Edwards-Anderson parameter in the context of spin-glasses, corresponds to the frozen spin fluctuations. These two dynamical characteristics are remarkable since they lead to a dynamics qualitatively similar to the one of glass-forming liquids. It would be very interesting to perform more detailed investigations and comparisons, in particular by numerical simulations.
The extension and universality of the jamming percolation transition of SM remain fundamental questions to be investigated. As it has been discussed in [9] (see also [10, 13] ), it is possible to identify a class of rules which give rise to a jamming transition and belong to the same universality class of SM: as p ր p c the divergence of the incipient frozen cluster follows the same scaling and the transition remain discontinuous. For all these models the jamming transition is a consequence of the existence of (at least) two transverse directed percolation (DP)-like processes which can form a network of finite DP-clusters blocked by T-junctions with clusters in the transverse direction. A model that belongs to this class is for example the Knight model defined in [8] . Note that in general, at variance with SM, it will not be possible to determine analytically the exact value of p c (this was possible for SM thanks to the fact that in each of the two transverse directions the blocked clusters can be exactly mapped into those of conventional 2 dimensional DP). Neither it is possible to generalize the rigorous proofs obtained for the SM.
However, it is nevertheless possible to obtain numerically a reliable estimate of p c and a confirmation that the transition has the same properties of SM. This is done analyzing finite size effects with proper choices of the geometry and boundary conditions which allow to focus separately on each of the two transverse directions. In this way one can verify that on long length scales the two independent directional processes are in the DP universality class and obtain a good numerical estimate of p c . Using suitable boundary conditions and geometries is particularly important for jamming percolation since, as for bootstrap percolation, convergence to the asymptotic results can be extremely slow. For an extended discussion on this we refer to [9] , where the value of the critical density for the Knight model has been derived. The result is p = p DP c [8] which was due to the overlooking of some blocked structures [13] .
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